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1. Introduction 
In the Ref. [1] the generalized Einstein’s Lagrangian densities for a gravitational system  
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have been introduced, and the field equations and conservation laws derived from them have been 
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discussed. It has been shown in Ref. [1] that the fundamental properties of the generalized Einstein’s 
Lagrangian densities have important implications to cosmology. In order to go a step further to understand 
the specific properties of the generalized Einstein’s Lagrangian densities Eqs.(1,2), and for the sake of 
establishing a more complete theory,  we will extend Eqs.(1,2) to the following expressions which are 
similar to those studied in Ref. [2]: 
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[)()()( xijxijxixiGxgxGxg hhLL ΓΓ−=− λµµλµµ                     (4) 
we will call )()( xMxg L−  and )()( xGg L−  denoted by Eq.(3) and Eq.(4) the more generalized 
Lagrangian densities for a gravitational system. Where )(
..
),(.),( x
ijxix h Γ µµψ  are the matter field, tetrad 
field, and frame connection field respectively. The appearance of )(
..
xijΓ µ  in Eq.(3) stems from that in the 
gauge theory of gravitation [3], )(
,
xψ µ  must be replaced by )(| xψ µ : 
 )()(..2
1)(,)(| xijx
ijxx ψσψψ µµµ Γ+= . The appearance of )(,.. xijΓ λµ  in Eq.(4) stems from that 
)()( xGg L−  is composed of curvature tensor in many gravitational theories. In the Ref.[2] the most 
generalized Lagrangian density of matter field  
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has been discussed. Because of its extraordinary complexity, we only discuss Eq.(3) in this paper. It is pointed 
out that although the Ref.[2] has revealed many properties of the most generalized Lagrangian density of 
matter field denoted by Eq.(3a), there are some errors in that paper, which has been taken into consideration in 
analyzing Eq.(3) and Eq.(4). 
Since the great majority of the fundamental matter fields are spinors, it is necessary to use tetrad field 
)(. x
ihµ [4].  The metric field )(xgµν  is expressed as ηνµµν ijxjxix hhg )(.)(.)( = , from which we 
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have )(.)()(
. xjxijxi hgh ν
µνµ η=  ;  )()(, xixi hxh νλλν ∂
∂=  ;  etc. The holonomic connection 
field )(. xΓµνλ  is related to )(. xihµ  and )(.. xijΓ µ  by [5] 
)](.)(.)(,.)[(
.)(. x
jxi jx
ixix hhh νλλν
µµνλ ΓΓ +=                    (5) 
where )(..)(. x
ik
jkx
i
j ΓΓ = λλ η . In addition, )(..)(.. xjixij ΓΓ −= µµ . Eq.(5) can be derived from the 
requirement: 
           0
.
_
.
_
,
=ΓΓ ggg σµσνλσνσµλλµν                                       (6) 
This requirement guarantees that lengths and angles are preserved under parallel displacement [6]. )(. x
ih µ  
and )(
..
xijΓ µ  in Eqs.(3,4) are used to denote gravitational fields. If )(.. xijΓ µ  are independent field variables, 
the torsion must appear in the space-time; if )(
..
xijΓ µ  all are not independent field variables, the torsion must 
not appear in the space-time. The torsion tensor is defined by [7]  
         )( ..2
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. ΓΓ −= µλνµνλµνλT                                               (7) 
There exists the relation [7]: 
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1 gggg σνλλσννσλ
µσµ
νλ −+=                               (9) 
is the Christoffel symbol. Eq.(8) can be derived from Eqs.(6,7,9). In the space-time without torsion, from 
Eq.(8) it is obviously }{.
µ
νλ
µ
νλ =Γ . In this case the relation 
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can be obtained from Eqs.(5,9).  
The background space-time of the Lagrangian densities Eqs.(1,2) is the space-time without torsion, but 
the background space-time of the Lagrangian densities Eqs.(3,4) might be the space-time with or without 
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torsion. It can be found bellow that apart from describing the Lagrangian densities for a gravitational system 
with torsion, Eqs.(3,4) can be used also to describe a gravitational system without torsion. If Eqs.(3,4) are used 
to describe a gravitational system without torsion, it must be noted that )(
..
xijΓ µ is function of 
)(. x
ih µ , )(,. xih λµ , and )(,.. x
ijΓ λµ  is function of )(. xih µ , )(,. xih λµ , )(,. xih λσµ .  
)()( xMxg L−  and )()( xGg L−  embody a great amount of information concerning many 
properties of a physical system including gravitation. For example, the dynamical laws such as the 
gravitational field equations, the conservation laws of the energy-momentum tensor densities, the 
conservation laws of the spin densities, the equations of motion for test particle can all be derived from 
)()( xMxg L−  and )()( xGg L−  of a gravitational system. The primary purpose of this paper is to 
derive the above dynamical laws from the Lagrangian densities Eqs.(3,4), and to compare the physical 
information contained in the Lagrangian densities Eqs.(3,4) with the physical information offered from 
Eqs.(1,2). We shall discuss these problems in the following sections, at this section some useful relations of 
differential geometry are introduced firstly. 
The curvature tensor related to connection }{µνλ  is defined by [8] 
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σλµν −+−=R                      (11) 
Similarly the curvature tensor related to connection Γµνλ. is defined by 
ΓΓΓΓΓΓ −+−=
Γ ρ
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Eq.(8) suggests that,  RR σλµνσλµν .
{}
.
)()(
≠
Γ
 for the space-time with torsion; and RR σλµνσλµν .
{}
.
)()(
=
Γ
 only for 
the space-time without torsion. We can also define the curvature tensor related to the frame connection 
Γijµ.. [3]: 
ΓΓΓΓΓΓ −+−= kjikkjikijijijR µννµνµµνµν ......,..,....                                (13) 
Using Eq.(5) it can be verified that RhhR k
ijkij σλµνλσµν η .....
)(Γ
=  . Using Eq.(5), the following relation for 
torsion tensor can also be verified: 
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2.Equations of fields for a gravitational system 
The equations of fields for a gravitational system can be derived from [4] 
04)()( )( =−= ∫ xdLI xxgδδ                             (15) 
where )()()()()()( xGxgxMxgxxg LLL −+−=−  , Iδ  represents  the variation of action 
integral xdLI xxg 4)()(∫ −= induced by the infinitesimal coordinate variation )(xx ξδ µµ = . 
Eq.(15) can be rewritten as 04]
,
[ )()(0 =+−= ∫ xdLLI g ααξδδ  , using Gauss’ theorem, 
and setting ξα equal to zero at the integration limits, we get 
                04)()( )(0 =−= ∫ xdLI xxgδδ                                  (15a) 
)(
0 Lg−δ is the variation of Lg− corresponding to the variations of the dynamical field variable for 
the gravitational system at a fixed value of x . Eq.(15a) is equivalent to 
04)()( )(00 =−= ∫ xdLI xxgδδ  in form. 
For the gravitation with torsion, in the more generalized Lagrangian densities Eqs.(3,4), 
)(
..
),(.),( x
ijxix h Γ µµψ  all are the independent dynamical field variables, then from these Lagrangian 
densities  
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where )(
.
),( 00 x
ix h µδψδ , )(..0 xijΓ µδ  are arbitrary and independent variations, they may be or may not 
be symmetrical variations. Substituting Eq.(16) into Eq.(15a), using Gauss’ theorem, and setting 
)(
.
),( 00 x
ix h µδψδ , )(..0 xijΓ µδ  and their derivatives all equal to zero at the integration limits, we find 
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Since )(
.
),( xix h µψ , )(.. xijΓ µ  are independent dynamical field variables, Eq. (17) is equivalent to the 
following three equations: 
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Eq.(18) is the equations of field for matter field; Eq.(19) and Eq.(20) all are the equations of field for 
gravitational fields. Since there are two sets of gravitational field variables )(
.
xihµ  and )(.. x
ijΓ µ  , hence 
there are two sets of equations of field for gravitational fields. 
In the generalized Einstein’s Lagrangian densities Eqs.(1,2) which describe the gravitational system 
without torsion, the independent dynamical field variables are only )(
.
),( xix h µψ  , their equations of field  
have been given as follows [1]: 
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In this case there is only one set of gravitational field variables )(
.
xihµ  , hence there is only one set of 
equations of field i.e. Eq.(21) for gravitational fields. It must be noted that although Eqs.(1,2) are the special 
case of Eqs.(3,4) if using the relation Eq.(10), Eq.(21) can not be deduced directly from Eq.(19) and Eq.(20). 
 
3. The symmetry of the Lagrangian densities for a gravitational system  
Symmetries exist universally in physical systems, one fundamental symmetry of a gravitational system 
is that the action integrals 
 8
          xdLI xMxgM 4)()(∫ −= xdLI xGxgG 4)()(∫ −= and    
xdLLIII xGxMxgGM 4)()()( )( +−=+= ∫  
satisfy 0=I Mδ  0=IGδ  and 0=Iδ  respectively under the following two simultaneous 
transformations [3,6]: 
(1), the infinitesimal general coordinate transformation 
    )(xxxx ξµµµµ +=→ ′                                       (22) 
(2), the local Lorentz transformation of tetrad frame 
            )()()()()( xjni
j
mx
mnxiixi eexee ηδε−=→ ′′                       (23) 
The symmetry (1) is precisely the symmetry of local space-time translations. 
The sufficient condition of an action integral xdLI xxg 4)()(∫ −=  being 0=Iδ  under 
above transformations is [3,9]: 
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)( )(0 ≡−+− µ
µξδ LgLg                             (24) 
where δ 0  represent  the variation at a fixed value of x . Evidently there are also the relations 
0
,
)( )(0 ≡−+− µ
µξδ LL MgMg  ; 0,)()(0 ≡−+− µµξδ LL GgGg              (25) 
If there exists only the symmetry (2), Eqs.(24,25) reduce to 0)(0 ≡− Lgδ , 0)(0 ≡− LMgδ  and 
0)(
0
≡− LGgδ  respectively. 
For the more generalized Lagrangian densities Eqs.(3,4), we have 
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As )(xψ  is spinor and )(. xih µ  is both tetrad Lorentz vector and coordinate vector, and
 )(
..
xijΓ µ  transforms as  
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it is not difficult to derive the following induced variations [5]: 
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Substituting Eqs.(28 -33) into Eq.(26) and Eq.(27); using 0
,)()(0 ≡−+− ΛΛ µµξδ gg , where 
LM=Λ or LG=Λ or LL GM +=Λ  . Because of the independent arbitrariness of 
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From Eq.(39) and Eq.(36), it is found that there must exist another identity: 
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For the generalized Einstein’s Lagrangian densities Eqs.(1,2)we have 
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Substituting Eqs.(28 -31) and the induced variation  
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into Eq.(41) and Eq.(42); using 0
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g
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g
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λσµ
µ
λµλ
ψσψ           (45)    
                                                          
h
h
h
h mn
g
nm
g
µ
λσµ
µ
λσµ ,.,.
)()(
∂
−∂
=
∂
−∂ ΛΛ
                                     (46)
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−∂
∂
∂−
∂
−∂+
∂
−∂+
∂
−∂
Λ
ΛΛΛΛ
      (49)    
0
.
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.
,.
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.
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∂
−∂
+
∂
−∂
+
∂
−∂ ΛΛΛ
h
h
h
h
h
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i
i
g
i
i
g
i
i
g
αµλσασµλαλσµ
                         (50) 
From Eq.(50) another identity: 
0
.
,.
)(3
)( =
∂
−∂
∂∂∂
Λ∂ h
hxxx
i
i
g
αλσµσλµ
                                   （51） 
can be deduced.  
Eqs.(1,2) are used only to describe a gravitational system without torsion; when Eqs.(3,4) are used 
only to describe a gravitational system with torsion, there is not any relation between the above two sets of 
identities Eqs.(34 -39) and Eqs.(44-50). If Eqs.(3,4) are used to describe a gravitational system without 
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torsion, there must be some relations between Eqs.(34 -39) and Eqs.(44-50), now we discuss these relations.  
When Eqs.(3,4) are used also to describe a gravitational system without torsion, from Eq.(10) they 
must be expressed by  
][]
[
)(
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;)(.);(,
);(*)()](
,.
;)(.[..
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,.
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);()()()(
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M
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.
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.
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ΓΓ                      (53) 
Therefore from Eq.(52) 
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Γ
Γ
Γ
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(54) 
Where )( Γ∂
∂ denote the partial derivative at constant )(.. xijΓ µ . Hence we have 
            ψψ ∂
−∂
=
∂
−∂ )()*( LL MgMg  ,      ψψ λλ ,
)(
,
)*(
∂
−∂
=∂
−∂ LL MgMg              (55) 
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∂
∂
∂
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∂
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Γ
                        (56) 
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From Eq.(53) 
  
h
h
L
h
h
L
h
h
L
L
h
h
L
h
h
L
h
h
L
h
h
L
h
h
L
h
h
L
h
h
L
L
i
i
G
g
i
i
G
g
i
i
G
g
G
g
i
i
ab
ab
Ggi
i
ab
ab
Ggi
i
ab
ab
Gg
i
i
ab
ab
Ggi
i
ab
ab
Gg
i
i
Ggi
i
Gg
Gg
λσµ
λσµ
λµ
λµ
µ
µ
λσµ
λσµ
βα
βα
λµ
λµ
βα
βα
µ
µ
βα
βα
λµ
λµ
α
α
µ
µ
α
α
λµ
λµ
µ
µ
δδδδ
δδδ
δδ
δδδ
,.
,.
)*(
,.
,.
)*(
.
.
)*(
)*(
,.
,.
,..
,..
)(
,.
,.
,..
,..
)(
.
.
,..
,..
)(
,.
,.
..
..
)(
.
.
..
..
)(
,.
,.
)(
.
.
)(
)(
0000
000
00
000 )()(
∂
−∂
+
∂
−∂
+
∂
−∂
=−=
∂
∂
∂
−∂
+
∂
∂
∂
−∂
+
∂
∂
∂
−∂
+
∂
∂
∂
−∂
+
∂
∂
∂
−∂
+
Γ∂
−∂
+Γ∂
−∂
=−
Γ
Γ
Γ
Γ
Γ
Γ
Γ
Γ
Γ
Γ
 
                                                                            (58) 
Hence we have  
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On the other hand we also have: 
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ΓΓΓ                 (62) 
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 where LM=Λ or LG=Λ or LL GM +=Λ  ( if LM=Λ ,  0
,..
)( =
∂
−∂
Γ
Λ
ab
g
βα
 ). Utilizing these 
relations and relations Eqs.(55-57,59-61), it can be proved that the identities Eqs.(34-39) are equivalent to 
the identities Eqs.(44-50). 
 Although Eqs.(3,4) can be used to describe a gravitational system without torsion, but due to the 
complex nature of their mathematical expressions for the non-torsion case, for practical purposes there is 
always using Eqs.(1,2) to describe a gravitational system without torsion. However, under some 
circumstances certain conclusions suitable for gravitational system both with and without torsion can be 
derived from Eqs.(3,4); an example will be given in next section. 
 
4. Possible forms of gravitational Lagrangian   
By the requirement that the action integrals of a gravitational system is invariant under the following 
two simultaneous transformations : (1), the infinitesimal general coordinate transformation 
 )(xxxx ξµµµµ +=→ ′  ;  (2), the local Lorentz transformation of tetrad frame 
)()()()()( xjni
j
mx
mnxiixi eexee ηδε−=→ ′′  ; one can show that the possible forms of the more 
generalized gravitational Lagrangian density Eq.(4) might be: 
])(.;)(.;)(..[)()( x
ixixijRTGgx
RT
GgxGg hTRLLL µµνµν−=−=−            (64) 
)(xGg L− denoted by Eq.(4) must satisfy the identities Eqs.(34-40) ( When LG=Λ , 
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0
)( =
∂
−∂ Λ
ψ
g
, 0
,
)( =
∂
−∂ Λ
ψ λ
g
 ). Eq.(36) means that )(,.. x
ijΓ νµ  appear in )(xGg L−  only 
through curvature tensor field )(.. x
ijR µν  because Γ∂
−∂
≡
∂
−∂
ij
Gg
ij
Gg L
R
L
νµνµ ,..
)(
..
)(
2  ; Eq.(40) means that 
)(,. x
ih νµ  appear in )(xGg L−  only through torsion tensor field )(. xiT µν  because 
h
L
T
L
i
Gg
i
Gg
νµµν ,.
)(
.
(
∂
−∂
≡
∂
−∂
 ; Eq.(35) means that )(.. x
mnΓ ν  appear in )(xGg L−  only through 
curvature tensor field )(.. x
ijR µν  and torsion tensor field )(. xiT µν  because 
h
h
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T
T
LR
R
LL
nm
Ggj
njm
Gg
mn
i
i
Gg
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ij
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mn
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αβν
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=
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∂
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+
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=
∂
−∂
ΓΓ
ΓΓΓ
                        (65) 
hence the gravitational Lagrangian density )(xGg L−  should be taken the form denoted by Eq.(64). 
The form of Eq.(64) exhibits that )(xGg L−  of gravitational system with torsion can be  
composed of curvature tensor field and torsion field. Because )(xRTGL  is both a coordinate scalar and a 
frame scalar, the possible terms involved in )(xRTGL  are scalars constructed from 
)(.),(.),(.. x
ixixij hTR µµνµν .  
If Eq.(4) is used to describe a gravitational system without torsion, then 0)(. =xiT µν  and 
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RR σλµνσλµν .
{}
.
)()(
=
Γ
; the possible terms involved in )(xGL  are only the scalar curvature 
RhhR ijjji µν
µ
..
..
{}
= and its power such as R2
{}
 … . Considering other requirements [4], 
][ 2)(16
1)( λπ += xRGxGL  is chosen in general relativity. We have shown that in Ref.[1], 
][ )(22)(16
1)( xDxR
G
xGL ++= λπ is another possible choice. 
 
5. Conservation laws of energy-momentum tensor density and Conservation laws of spin density 
derived from the symmetries of Lagrangian density for a gravitational system 
It is well known that, in the special relativity, the conservation laws for a physical system is 
originated from the action integral xdLI xxg 4)()(∫ −= of this physical system being invariant 
under some symmetry of transformations. Similarly in relativistic theories of gravitation, the conservation 
laws of energy-momentum tensor density and the conservation laws of spin density can be derived from the 
symmetries denoted by Eq.(22) and Eq.(23) respectively. 
Ⅰ The conservation laws of energy-momentum tensor density         
Let us to start from the conservation laws of energy-momentum tensor density for a gravitational 
system represented by the generalized Einstein’s Lagrangian densities Eqs.(1,2). In Ref.[1], we have derived 
the Lorentz and Levi-Civita’s conservation laws from Eqs.(1,2): 
          0*
)(
*
)( )( =−+−∂
∂ TT
x G
g
M
g λ α
λ
αλ                              (66) 
              0*
)(
*
)(
=−+− TT GgMg
λ
α
λ
α                                   (67) 
Where [1]       h
h
LL
LT ii
M
g
M
g
M
g
M
g αµ
λµ
αλ
λ
α
λ
α ψψδ ,.
,.
)(
,
,
)(
*
)( ∂
−∂
−∂
−∂
−−− =   
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In Ref.[1], there is another definition for the energy-momentum tensor density of pure gravitational field:   
h
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and correspondingly there is another conservation laws:  
0* )(
*
)( )( =∂
∂ −+− tgTgx GM
λ αλ αλ                  (68)    
which are called the Einstein’s conservation laws. We have shown in Ref.[1] that Eq.(68) is equivalent to 
Eq.(66) in mathematical sense, but they are different in physical sense. Because of the reasons expounded in 
Ref.[10] and Ref.[1], Eq.(66) might be better than Eq.(68).  
In Ref.[1], there has yet the relation: 
)( )
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.
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α ψψδ
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−∂
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∂−
∂
−∂
=
∂
−∂
−
∂
−∂
−−− =
               (69) 
we shall use Eq.(69) below. 
For the more generalized Lagrangian densities Eqs.(3,4), Eqs.( 37-39) stem from the symmetry of 
local space-time translations Eq.(22), and the conservation laws of energy-momentum tensor density for a 
gravitational system can be derived from these identities. Let LL GM +=Λ , Eq.(37) can be 
transformed into 
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Utilizing the equations of fields Eqs.(18,19,20), we get from Eq.(70) 
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         (71) 
Eq.(71) might be regarded as conservation laws of energy-momentum tensor density for gravitational 
system. Because in the special relativity, the expression ψψδ αλ
λ
α ,
,
∂
∂
− LL MM is the energy-momentum 
tensor of matter field, then  
h
h
LL
LT ii
MgMg
MgM
g αµ
λµ
αλ
λ
α
λ
α ψψδ ,.
,.
)(
,
,
)(
'
)( ∂
−∂
−∂
−∂
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and        ΓΓ= ∂
−∂
−
∂
−∂
−−− ij
ij
Ggi
i
Gg
GgG
g
L
h
h
L
LT αµ
λµ
αµ
λµ
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α
λ
α δ ,..
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)(
,.
,.
)(
'
)(
        (73) 
might be interpreted as the energy-momentum tensor density of matter field and of gravitational field 
respectively. But the energy-momentum tensor density of matter field T Mg
λ
α)(− is defined historically 
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by [3] 
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− =                      (74) 
and this definition remains unchanged in the theories of gravitation till now. We will use this definition in 
this paper. As shown by Eq.(69), the definition Eq.(74) is identical with Eq.(72) in the theories of gravitation 
without torsion; but we shall show below that these two definitions are different in the theories of 
gravitation with torsion. The differences of physical properties caused by these two definitions are well 
worth to study, which will not be the topic of this paper. 
Being similar to Eq.(74), T Gg
λ
α)(− is defined by  
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− =                         (75) 
From the equations of field Eq.(19), we immediately obtain 
              0
)()(
=−+− TT GgMg
λ
α
λ
α                                            (76) 
        0
)()( )( =−+−∂
∂ TT
x G
g
M
g λ α
λ
αλ                                   (77) 
We will call Eqs.(76,77) the Lorentz and Levi-Civita’s conservation laws for the gravitational system with the 
more generalized Lagrangian densities denoted by Eqs.(3,4).The definitions Eqs.(74,75) is not identical with 
Eqs.(72,73), but it must be indicated that by using the definitions Eqs.(72,73) and from Eqs.(19,20,38,39,71) we can 
obtain also  
               0'
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=−+− TT GgMg
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α
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α                                             
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∂ TT
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M
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αλ  
Let LL GM +=Λ , Eq.(38) can be transformed into 
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Let LM=Λ , Eq.(78) become 
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If the definition Eq.(72) is adopted, we get from Eq.(79): 
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If the definition Eq.(74) is adopted, we get from Eq.(79): 
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Evidently T Gg
λ
α
'
)(
− is different from T Gg
λ
α)(− . 
 
ⅡThe conservation laws of spin density        
Let LL GM +=Λ , Eq.(34) can be transformed into 
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Utilizing the equations of fields Eqs.(18,19,20), we get from Eq.(82) 
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   Letting LL GM +=Λ and utilizing the equations of field Eq.(20), Eq.(35) can be reduced to  
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Eq.(83) can be obtained from Eq.(84) by differentiation. 
For the gravitational system with torsion, we define the spin tensor of matter field and the spin 
tensor of gravitational field as 
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respectively; which are similar to the definitions of Kibble [3] except with different multiples and signs. Then from Eq.(84) 
and Eq.(83) we get 
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Eqs.(89,90) are the conservation laws of spin density for gravitational system denoted by the more 
generalized Lagrangian densities Eqs.(3,4). In the special relativity, ψσψ λ mn
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of matter field, h
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 should be interpreted as the influence of gravitational field.  
Letting LM=Λ and utilizing Eqs.(18,75,85,87), Eq.(82) can be reduced to 
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This is an important equation for studying the dynamical problems involving spin. 
       For the generalized Einstein’s Lagrangian densities Eqs.(1,2), the conservation laws of spin density 
can be derived from Eqs.(44-46) with the similar methods. Let LL GM +=Λ , Eq.(44) can be 
transformed into 
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Utilizing the equations of fields Eqs.(18’,21), we get from Eq.(92) 
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If we define 
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Eq.(93) becomes  
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Letting LL GM +=Λ and utilizing the identity Eq.(46), and noting 
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Letting LM=Λ and utilizing Eqs.(18’,94) and using the relation [1] 
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 Eq.(92) can be reduced to  
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The appearance of T mn][ in the above equation is due to SS nmMmnM
λλ
)()(
−= . 
 Since the conservation laws of spin density for a gravitational system require studying specially,  
we will not go a step further to discuss the specific properties about these conservation laws of spin density in 
this paper. 
 
6. Energy-momentum equations of motion and spin equations of motion for test particle 
The so-called test particle is a very small material body used to test the gravitational actions; it is 
assumed that both the space extension of the test particle and its self-gravitation are extremely small and can 
be neglected in the discussed problems. The test particle possesses energy-momentum and spin [5]; its 
energy-momentum vector pν and spin angular momentum Sij can be determined by          
             xdTp Mg
30
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and                xdSS ijMgij
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)(∫ −=                                         (100) 
respectively. There are two equations of motion for test particle, i.e. energy-momentum equations of motion 
and spin equations of motion. These two equations of motion will be derived below from the conservation 
laws of energy-momentum tensor density and the conservation laws of spin density for a gravitational system 
respectively. 
Ⅰ The energy-momentum equations of motion  
For the gravitational system with torsion which can be denoted by the more generalized Lagrangian 
densities Eqs.(3,4); Letting LM=Λ and utilizing Eqs.(18,74 ,85), Eq.(70) can be reduced to 
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From Eq.(81) and Eq.(101) and utilizing Eq.(91), we can get the “conservation laws” of the 
energy-momentum tensor density of matter field [5]: 
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For a test particle, by using the method of Papapetrou [11], the energy-momentum equation of motion  
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can be obtained from Eqs.(99,100). 
   For the gravitational system without torsion which can be denoted by the generalized Einstein’s 
Lagrangian densities Eqs.(1,2); there exists the relations [1] : 
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Hence there are the following equations: 
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from which the “conservation laws” of the energy-momentum tensor density of matter field in the case 
without torsion: 
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can be obtained. After using the method of Papapetrou [11], we can get the momentum equation of motion in 
the case without torsion: 
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It must be emphasized that Eq.(103) does not reduce to Eq.(106) when torsion is equal to zero; as a matter of 
fact, in that case, Eq.(103) reduces to 0..
{}
=+−Γ dt
dxSRdt
xdp
dt
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µ
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σ
σ
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ν . We have pointed 
out that the gravitational field equations with torsion can not be reduced to the gravitational field equations 
without torsion; since the gravitational field equations are used in the derivations of Eqs.(103,106), hence 
Eq.(103) does not reduce to Eq.(106). 
 
Ⅱ The spin equations of motion 
From Eq.(91): 
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by using the method of Papapetrou, the spin equation of motion  
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can be obtained from Eq.(91). 
From Eq.(98): 
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By using the method of Papapetrou, the spin equation of motion  
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can be obtained from Eq.(98). 
 
7. Conclusions 
The following important conclusions can be summarized from the studies and discussions 
described in this paper: 
(1), The dynamical laws of a gravitational system can be derived from the Lagrangian densities of this system; 
the Lagrangian densities contain rich information concerning many properties of a physical system including 
gravitation.  
(2), The generalized Einstein’s Lagrangian densities Eqs.(1,2) are used only to describe a gravitational system 
without torsion; but the more generalized Lagrangian densities Eqs.(3,4) can be used to describe a system with 
or without torsion. If Eqs.(3,4) are used to describe a system with torsion, )(. x
ih µ  and )(.. x
ijΓ µ  are all the 
independent gravitational field variables ; if Eqs.(3,4) are used to describe a system without torsion, only 
)(. x
ih µ  is the independent gravitational field variables.  
The gravitational field equations are deduced with respect to the independent gravitational field variables; 
since the independent gravitational field variables are different according to the system being with or without 
torsion, the gravitational field equations with torsion can not be reduced to the gravitational field equations 
without torsion. Moreover, for some dynamical equations, if gravitational field equations are used in their 
derivations the dynamical equations with torsion also can not be reduced to the dynamical equations without 
torsion. 
(3), We have derived from both Eqs.(1,2) and Eqs.(3,4) the following conservation laws: 
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These conservation laws have the same mathematical form. It has suggested in Ref.[1] that one important 
consequence of Eq.(67) or Eq.(76) would be that the energy of matter field might originate from the 
gravitational field . Similarly it could be suggested that one important consequence of Eq.(97) or Eq.(90) 
would be that the spin of matter field might originate from the gravitational field . These suggestions could be 
tested via future experiments and observations. 
(4), There are many different definitions for the energy-momentum tensor density and the spin density of a 
gravitational system in theories of gravitation, the differences of physical properties caused by these different 
definitions are well worth for further study. 
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